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Summary
We investigated the evolution with age of probabilistic reasoning and some related biases, such as the
negative/positive recency effects. Primary school children and college students were presented probability
tasks in which they were asked to estimate the likelihood of the next occurring event after a sequence of
independent outcomes. Results indicate that older children perform better than younger children and college
students. Concerning biases, the positive recency effect decreases with age whereas no age-related
differences are found for the negative recency effect. Theoretical and educational implications of results are
discussed.

Introduction
Probabilistic thinking has been found to be related to cognitive heuristics. The application of heuristics
leads sometimes to reasonable outcomes, but their activation sometimes produces systematic errors (Tversky
& Kahneman 1974; Kahneman, Slovic, & Tversky 1982). One well-known heuristic that affects probabilistic
reasoning is the so called representativeness heuristic (Kahneman & Tversky 1972; Kahneman, et al. 1982):
people estimate the likelihood of an event by taking into account how well it represents its parent population,
and the application of this heuristic can cause some predictable errors (biases) in certain situations.
The so called negative recency effect (or gambler’s fallacy) is an example. For instance, if a coin is
flipped four times and there is a consecutive sequence of four tails, people commonly believe that heads is
more likely to occur next. That is, the equal probability of getting either heads or tails is not considered.
Rather, by applying the representativeness heuristic, the consecutive sequence of four tails is not
representative of the expected 50:50 distribution. That is why, according to this heuristic, heads must follow
so as to equilibrate the proportion. In other words, people become victims of the fallacy because they believe
the likelihood of an occurring event is related to the outcomes of previous tosses, i.e. the fact that single
tosses are independent events is not taken into account.
Several studies have investigated negative recency effects in college students and children (Kahneman &
Tversky 1972; Green 1982; Konold, Pollatsek, Well, Lohmeier, & Lipson 1993; Batanero, Godino,
Vallecillos, Green, & Homes 1994; Konold 1995; Williams & Amir 1995; Afantiti-Lamprianou & Williams
2003). However, the effect of age has not been completely clarified. Fischbein and Schnarch’s study (1997)
have found that the negative recency effect decreases with age. In contrast, a recent study (Chiesi, Primi, &
Gronchi 2007) reveals negative recency effects in the performance of young children and adults, whereas
older children are found to be almost immune.
Another fallacious approach used in gambling situations is the positive recency effect. For example, if a
coin is flipped four times and a consecutive sequence of four tails is obtained, a person might ignore the
independence of events, and instead might believe that the coin is not fair. In other words, past outcomes of
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random events are used as indicators of future events, and, learning from experience, a particular outcome is
considered to be more likely. It has been found that from age ten the positive recency is almost absent
(Fischbein, & Schnarch 1997), whereas younger children show this bias (Chiesi, et al. 2007).
Several criticisms have been reported to the notions of heuristics and biases. In the main, the adaptive
value of heuristic modes of reasoning has been largely documented (Gigerenzer & Todd 1999; Evans & Over
1996). Concerning probabilistic reasoning, Gigerenzer (1991, 1996) argues that certain biases are not biases
considering that it is not possible to establish one correct answer. If we aim to describe the functioning of
human reasoning, the statement that probabilistic problems have only one correct answer - the one claimed
by the normative rules - has to be rejected.
Whereas the relevance of these claims concerning human decision making can not be discarded, actually
statistics and mathematics teachers need to transmit the normative rules, and they have to deal with the
following matter: students have intuitions on probability that have a cognitive foundation (i.e., intuitions are
not irrational). Sometimes intuitions coincide with scientifically accepted statements, but sometimes may
contradict them (Fischbein & Gazit 1984). Concerning probability, some normative rules are counterintuitive, and consequently students are likely to have intuitions which are at variance with the commonly
accepted reasoning, and as a result probability is a hard subject to learn and teach (Fischbein 1975; Kapadia
& Borovcnik 1991; Shaughnessy 1992).
Starting from the assumption that intuitions on probability could impede learning probability, it becomes
relevant to investigate students’ heuristic reasoning and biases. Italian national curricular reform1 includes
probability at primary school level. For this reason our study is designed to describe primary school
children’s ways of handling probability concepts. Specifically, we are interested in two issues that have been
introduced in mathematics curricula at the primary level: the base-rate computation and the independence
notion.
In line with previous studies (Jacobs & Potenza 1991; Davidson 1995; Fischbein & Schnarch 1997;
Chiesi, et al., 2007; Morsany & Handley 2007; Chiesi, Gronchi, & Primi 2008), these topics are investigated
comparing children and adults’ performance. In the pilot study, reported in this paper, primary school and
college students were asked to estimate the likelihood of the next occurring event after a sequence of
independent outcomes. Combining base-rates and sequences of previous outcomes, different trials were
created in order to highlight normative (i.e. correct responding) and heuristic reasoning (i.e. recency effects),
and to explore age-related differences.

Method
The sample consists of 23 third graders (mean age = 8.7), 25 fifth graders (mean age = 10.9) and 35
college students (mean age = 25.3). The young students come from a primary school located in Livorno,
Tuscany. The university students come from different faculties of the University of Florence. University
students were volunteers and they did not receive course credits for their participation in this study.
The three age groups included children before they were formally taught proportional reasoning (third
graders), children who were taught proportional reasoning (fifth graders), and college students who
encountered mathematical issues related to probability during their high school years. We used a game with
marble bags that is suitable for both children and college students, which, compared to the classic test
involving the tossing of a coin, allowed to generate base-rates different from equiprobability (Klaczynski
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2001).
The task was presented individually to each participant. It measured the ability to estimate the
probability of a single event after a sequence of independent outcomes. The experimenter showed the
participants a bag with some marbles inside and read out the following story:
“Simon and John are playing together with a bag in which there are 15 Green and 15 Blue marbles. Simon
drew marbles from the bag four times. Each time the drawn marble is put back into the bag. One after the
other, Simon drew four Green marbles. What do you think is more likely Simon to draw next, a Blue or a
Green marble, or is each colour marble just as likely?”
Outcomes are independent because the number of marbles remains always the same since the marbles
were replaced after each draw. In this way the likelihood of the next occurring event has to be estimated upon
the initial base-rate. The task was performed again, and that time the sequence of outcomes was four Blue
marbles. The two sequences of outcomes (four Blue and four Green marbles) were randomly presented.
Different trials of the same task were obtained with two bags containing different proportions of marbles.
One contained a prevalence of Green (21 Green & 9 Blue), the other a greater prevalence of Blue marbles (3
Green & 27 Blue). Each bag was randomly presented. The experimenter filled a record sheet for each
participant.

Results
One point was given for each correct answer (i.e., answers consistent with the normative rule: the
answer “Green” (G) when the bag had a prevalence of green, the answer “Blue” (B) when the bag had a
prevalence of blue marbles, the answer “Equally likely” (G/B) when the bag had the same number of blue
and green marbles.
To examine the participants’ level of normative reasoning, a composite score was formed based on the
sum of correct answers (Klaczynski 2001). The scores ranged from 0 to 6, with higher scores indicating a
higher level of normative reasoning. The one-way ANOVA (Age Groups: Grade 3, Grade 5, College) reveals
a significant effect of age, F ( 2, 76) = 12.71, p < 0.001, with a large effect size, η2 = 0.25. In particular, posthoc comparisons (Tamhane test) yield that all comparisons are significant: older children (M = 4.30, SD =
1.49) perform significantly better than younger (M = 2.39, SD = 0.66, p < 0.001) and college students (M =
3.24, SD = 1.45, p < 0.05); adults perform better than younger children ( p < 0.05) (see Figure 1).
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Figure 1. Means for the Normative Reasoning Scores per Age.

Concerning heuristic reasoning, to examine the participants’ positive recency bias, one point was given
to the participants for each wrong answer coherent with the positive recency effect. In the same way, to
measure the participants’ negative recency bias, one point was given to the participants for each wrong
answer coherent with the negative recency effect (see Table 1 for the scoring rationale). Composite scores of
heuristic reasoning (Klaczynski 2001) were obtained ranging from 0 to 4. Higher scores indicate more biased
responding.
Positive Recency
(sequence + answer)

Bag

Negative Recency
(sequence + answer)

15B & 15G

GGGG + G
BBBB + B

GGGG + B
BBBB + G

21G & 9B

BBBB + B

GGGG + B

3G & 27B

GGGG + G

BBBB + G

Table 1. Heuristic Reasoning Scoring Rationale.

The one-way ANOVA (Age Groups: Grade 3, Grade 5, College) reveals a significant effect of age
(F(2, 76) = 13.95, p < 0.001, η2 = 0.27) on positive recency. More in detail, Tamhane post-hoc comparisons
indicate that younger children show this bias to a higher degree than older children (M = 0.95, SD = 1.30,
p < 0.01) and college students (M = 0.58, SD = 1.20, p < 0.001) (see Figure 2).
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Figure 2. Means for the Positive Recency Bias Scores per Age Groups.

Regarding negative recency, no significant effect of age is found (F(2, 76) = 1.22, p = 0.30, η2 = 0.03).
In more detail, the gambler’s fallacy appears to have the same effect on younger (M = 1.65, SD = 1.11), and
older children (M = 0.74, SD = 0.81), and college students (M = 1.30, SD = 0.97) (see Figure 3).
It is remarkable that some college students considered the two possible outcomes as equally likely,
regardless of the actual green/blue proportion in the bags. Accordingly, all responses “Equally likely” were
coded as equiprobability bias. A composite score ranging from 0 to 4 was obtained with higher scores
indicating higher bias levels. College students’ mean score on this scale is found to be 0.88 (SD = 1.47).
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Figure 3. Means for the Negative Recency Bias Scores per Age.

Different typologies of heuristic respondents were created considering the prevalence (at least 3 over the
maximum 4) of responses in one direction across tasks. With this respect, younger children tend to be
Positive Recency respondents (about the 50% of them show this bias across tasks), Negative Recency
respondents are found among young children and college students in similar proportions (about 20%),
whereas Equiprobability respondents are found among college students (see Figure 4).
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Figure 4. Different Typologies of Heuristic Respondents per Age.

Discussion and Conclusions
Primary school and college students show both normative and heuristic reasoning when asked to
estimate the likelihood of the next occurring event after a sequence of independent outcomes.
Younger children, that have not formally been taught proportional reasoning, obtain a poor performance.
They rarely take base-rates into account, instead, they largely use the sequence of previous independent
events as a cue to estimate the likelihood of the future outcome, i.e. their answers are consistent with the
positive recency bias. It can be claimed that their heuristic mode of reasoning is probably due to a lack in
numerical computational ability.
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Older children, who have already been taught proportional reasoning, perform well. They take the value
of base-rates into account, and use them to make normatively correct decisions. As a consequence, older
children use less often heuristic modes of reasoning than the other two groups. One possible explanation
might be the fact that they dispose of the arithmetic proficiency needed to solve base-rates problems. As
documented for different arithmetic skills (i.e., performance on equivalence problems) (McNeil 2007),
children seem to apply rules inflexibly while they are learning them and acquiring expertise. In this case,
older children’s level of proficiency leads them to the correct answer, and the numerical information on baserates overrides any other information (e.g., the sequence of independent previous outcomes). Nonetheless,
sometimes they show the positive recency effect, as younger children, and the negative recency bias - i.e., the
next event likelihood is estimated on the basis of previous outcomes in order to equilibrate the proportion in
the sample according to the population characteristics.
College students’ performance is poor. They show not only the negative recency bias, but also the
equiprobability bias - i.e., dichotomous events are assumed to be equiprobable regardless of the base-rates.
This bias has been documented using different types of tasks (e.g., the probability of outcomes obtained
rolling two dices) (Green 1982; Fischbein et al. 1991; Lecoutre 1992; William & Amir 1995; Canizares &
Batanero 1998), and refers to the application of the notion of equal probability (each of the possible
outcomes of an experiment has the same probability of occurring) in situations where the outcomes are not
equally likely.
According to previous studies (Jacobs & Potenza 1991; Davidson 1995; Fischbein & Schnarch 1997;
Chiesi, et al. 2007; Morsany & Handley 2007; Chiesi, Gronchi, & Primi 2008), our results present a view of
development of normative reasoning that runs contrary to what is described by traditional developmental
theories: Whereas an increase of the ability is found from younger to older children, college students’
performance reasoning seems to get worse with age.
The present investigation supports the idea that the connection between age and probabilistic reasoning
performance is mediated by the progressive acquisition of both numerical competencies and heuristic issues
linked to the notion of probability. We can argue that young children and college students’ performances are
wrong for different reasons. Young children’s heuristic reasoning seems to be causes by the lack of normative
competence. College students adopt heuristic reasoning because they have been misguided by task cues (i.e.,
the combination bag plus the sequences of previous outcomes) eliciting private conceptions originating from
experiences other than instruction (e.g., gambling), but also from probability notions they learned by
instruction (e.g., random sample distribution). In this way, incorrect responses (i.e., in contrast with the
normative rule) are not irrational or derived from an illogical analysis. According to Gigerenzer & Todd
(1999), this can be an example of the adaptive value of heuristics and biases in human decision making.
From an educational point of view, it is to be noted that sometimes these processes lead to conceptions and
conclusions, which are at odds with the formal rules.

6

References
Afantiti-Lamprianou, T. & Williams, J.: 2003, A Scale for Assessing Probabilistic Thinking and the
Representativeness Tendency. Research in Mathematics Education, 5, 172-196.
Batanero, C., Godino, J.D., Vallecillos, A., Green D.R. & Holmes, P.: 1994, Errors and difficulties in
understanding elementary statistical concepts. International Journal of Mathematics Education in Science
and Technology, 25 (4), 527-247.
Cañizares, M.J. & Batanero, C.: 1998, A study on the stability of equiprobability bias in 10-14 year-old
children, in L. Pereira-Mendoza (Eds.), Statistical education – Expanding the network. Proceedings of
the Fifth International Conference on Teaching Statistics, International Statistical Institute, Voorburg,
The Netherlands, 2, 1447-1448.
Chiesi, F., Gronchi, G. & Primi, C.: 2008, Age-Trend related Differences in Task Involving Conjunctive
Probabilistic Reasoning. Canadian Journal of Experimental Psychology.
Chiesi, F., Primi, C. & Gronchi, G.: 2007 (March), Age trends in misconceptions related to
representativeness heuristic. Presented at the Society for Research in Child Development, SRCD,
Biennial Meeting, Boston.
Davidson, D.: 1995, The representativeness heuristics and the conjunction fallacy in children decision
making. Merrill Palmer Quarterly, 41(3), 328-346.
Evans, J. St. B. T. & Over, D. E.: 1996, Rationality and reasoning, Psychology Press, Hove, England.
Fischbein, E. & Schnarch, D.: 1997, The evolution with age of probabilistic, intuitively based
misconceptions. Journal for Research in Mathematics Education, 28(1), 96-105.
Fischbein, E., Nello, M.S. & Marino, M.S.: 1991, Factors affecting probabilistic judgments in children and
adolescents. Educational Studies in Mathematics, 22, 523-549.
Gigerenzer, G.: 1991, How to Make Cognitive Illusions Disappear. European Review of social Psychology, 2,
83-115.
Gigerenzer, G.: 1996, On narrow norms and vague heuristics: A reply to Kahneman and Tversky.
Psychological Review, 103(3), 592-596.
Gigerenzer, G. & Todd, P.M.: 1999, Fast and frugal heuristics: The adaptive toolbox, in G. Gigerenzer, P.M.
Todd, and the ABC Research Group, Simple heuristics that make us smart, Oxford University Press, New
York.
Green D.R.: 1982, Probability concepts in 11-16 year old pupils (2nd ed). Centre for Advancement of
Mathematical Education in Technology, University of Technology, Loughborough.
Jacobs, J. E. & Potenza, M.: 1991, The use of judgment heuristics to make social and object decision: A
developmental perspective. Child Development, 62(1), 166-178.
Kapadia, R. & Borovcnik, M.: 1991 (Eds.), Chance Encounters: Probability in Education, Kluwer Academic
Publishers, Dordrecht, The Netherlands.
Kahneman, D. & Tversky, A.: 1972, Subjective Probability: A Judgment of Representativeness, Cognitive
Psychology, 3(3), 430-453.
Kahneman, D., Slovic, P. & Tversky, A.: 1982, Judgment under uncertainty: Heuristics and biases.
Cambridge University Press, Cambridge.

7

Klaczynski, P.A.: 2001, Analytic and Heuristic Processing Influences on Adolescent Reasoning and
Decision-Making. Child Development, 72 (3) , 844–861.
Konold, C.: 1995, Issues in Assessing Conceptual Understanding in Probability and Statistics. Journal of
Statistics Education [Online journal], 3(1). http://www.amstat.org/publications/jse/v3n1/konold.html
Konold, C., Lohmeier, J., Pollatsek, A., Well, A.D., Falk, R. & Lipson, A.: 1991, Novice Views on
Randomness, in R.G. Underhill (Ed.) Proceedings of the 13° Annual Meeting of the International Group
for the Psychology of Mathematics Education, Polytechnic Institute and State University, Blacksburg:
Virginia, 167-173.
Lecoutre, M.P. : 1992, Cognitive models and problem spaces in “purely random” situations. Educational
Studies in Mathematics, 23, 557-568
McNeil, N. M.: 2007, U-shaped development in math: 7-year-olds outperform 9-year-olds on equivalence
problems. Developmental Psychology, 43, 687-695.
Morsanyi, K. & Handley, S.J.: 2007 (August), Understanding the ups and the downs of reasoning in the
course of development. Presented at the British Psychology Society, BPS, Developmental Section
Conference, Plymouth.
Shaughnessy, J. M.: 1992, Research in probability and statistics. In D.A. Grouws (Ed.), Handbook of
Research on mathematics teaching and learning, MacMillan, New York, 465-494.
Tversky, A. & Kahneman, D.: 1974, Judgment under uncertainty: Heuristics and biases. Science, 185, 11241131.
Williams, J.S. & Amir, G.S.: 1995 (April), 11-12 year old children’s informal knowledge and its influence on
their formal probabilistic reasoning. Presented at the Annual Meeting of the American Educational
Research Association, San Francisco.

Footnote:
1

8

Riforma della scuola (XV legislatura) DL del 19.02.2004 (in S.O. n. 31, G.U. del 2.03.2004, n. 51).

